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I. INTRODUCTION 



The concept of entropy for cosmological models has many subtleties. One usually starts by 
demanding that the thermodynamic system described by the corresponding time- dependent 
model satisfies the first law of thermodynamics. Then, one considers a specific equation of 
state and imposes compatibility between field equations and the first law of thermodynamics. 
As a result one usually obtains explicit expressions for the thermodynamic variables (tem- 
perature and entropy) of the model. In a further step, the question is addressed about the 
physical relevance of the state variables, the equation of state linking them, and the thermo- 
dynamic variables. In the case of a simple Friedman- Robert son- Walker (FRW) universe this 
procedure can successfully be performed Q], yielding physically reasonable thermodynamic 
and state variables. 

Recently, a new approach has been proposed by Verlinde 0] who noticed a formal rela- 
tionship between the field equations for a FRW cosmology and the thermodynamic formulas 
of conformal field theory (CFT). Although at first sight this seems to be only a remarkable 
coincidence, a deeper analysis seems to link these results with the novel conceptual ideas 
inherent in the holographic principle. 

The conceptual origin of the holographic principle was settled in the 70 's by Bekenstein 

and Hawking [4] , who formulated the second law of thermodynamics for black holes and 
the process of particle creation by black holes, respectively. These ideas were implemented 
in the context of quantum field theories, specially in quantum gravity and cosmology by 
t'Hooft and Susskind and Fischler j^Q]. The holographic principle is a statement about 
the counting of the quantum states of a physical system. It states that the degrees of freedom 
contained in a given spatial volume can be encoded on its boundary and that the density on 
the boundary does not exceed one degree of freedom per Planck area. This is inspired by 
the behavior of black hole entropy, that the number of degrees of freedom of a gravitating 
system in a region L of space is the same as that of a system on the boundary of L. This 
assumption has as a consequence also that the number of degrees of freedom should grow 
only slower than volume. These restrictions are essentially non local and would require 
ultimately profound reformulations of our description of fields and their interactions. 

The main ideas of the holographic principle have been used recently in the context of 
gravity, string theory, and CFT's. In particular, the Cardy formula S], which allows the 
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counting of quantum states in a two-dimensional conformal field theory, has been generalized 
by Verlinde Q to include arbitrary spacetime dimensions and determine the density of 
states. This result is now commonly referred to as the Cardy- Verlinde formula. Verlinde 
also proposed that a closed universe has a Casimir contribution to its energy and entropy and 
that the Casimir energy is bounded from above by the Bekenstein-Hawking energy. Only for 
the case of a radiation dominated universe this bound leads to a unification of the Bekenstein 
and Hubble entropy bounds for weakly and strongly self-gravitating universes, respectively. 
Furthermore, the Cardy- Verlinde formula turns out to coincide with the Friedman equation 
at the moment when the bound on the Casimir energy becomes saturated. These results 
give rise to the natural question: Is this formal merging between the Friedman formula, 
the Cardy entropy and the holographic principle only a remarkable coincidence or is it the 
manifestation of a profound physical property of gravity time- dependent models, CFT's and 
the holographic principle? To answer this question it is then natural to try to generalize 
these fundarnental conceptions to more general physical configurations. In this context, 
Wang et al. 9] have generalized the Cardv- Verlinde formula to the case of universes with a 
cosmological constant, Nojiri et al. [10] have found quantum bounds for that formula, Youm 
jll | has generalized the entropy formula to include perfect fluids with a general barotropic 



equation of state, Brevik and Odintsov [12, ll3[ considered generalizations with a constant 
bulk viscosity. A more extensive list of recent works can be found in ll| . 

The question we would like to answer is if the previous results can be generalized to 
any dimension and various time-dependent metric components. In this paper, we restrict 
ourselves to the analysis, in Section II, of the Bianchi type IX cosmological model with a 
perfect fluid as source. As is well known, this model reduces to the closed FRW model in 
the isotropic limit. In Section III, we use the first law of thermodynamics together with the 
energy conservation law in order to obtain an expression for the entropy which turns out to be 
a generalization of the Cardy- Verlinde entropy formula. Then, in Section IV, we assume the 
validity of the Cardy entropy formula and show that it represents the Hamiltonian constraint 
of the field equations, when the Virasoro operator and the central charge are defined in a 
suitable way. This allows us to propose definitions of the Bekenstein, Bekenstein-Hawking 
and Hubble entropies, which turn out to depend explicitly on the cosmological anisotropics. 
We compare the results given in these last two sections and discuss the validity of the 
Cardy- Verlinde formula for cosmological models with different expansion factors. Section V 
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is devoted to conclusions. 



II. THE BIANCHI TYPE IX MODEL 

As a particular case of a gravity time-dependent model, let us consider the general line 
element for the Bianchi type IX cosmological model 



where fl, X, and Y are functions of the time t only and 

= -{— sinx^dx^ + sina;"'^ cosx'^cix^) , (2) 

uj'^ = -{cosx^dx^ + sinx^ sinx^fix^) , (3) 

= ^(cosx^c/x^ + dx^) , (4) 

where ( the Euler angles of 50 (3). In order to write the corresponding field 

equations in a form more suitable for our analysis, we introduce the scale factors 

ai = e-^+^+^, a2 = e-^+^-^, ag = e'^'^^ , (5) 

with their corresponding Hubble parameters Hi = di/ai {i = 1,2,3). Using then the rela- 
tionships if 1 + if 2 + -f^3 = — 3fi, Hi + H2 — 2H3 = 6X, and Hi — H2 = 2Y, we can write the 
Hamiltonian constraint as 

^{HiH2 + HiHs + H^Hs) + ^ (l + l^') = l^Gp , (6) 

with 

«2 V «2/ \ ai) 

Furthermore, the remaining dynamical equations can be put in the form 

a? a? I I I 

Hi + Hs + Hi + Hi + iiiiis + ^ - 3^ + ^ + 2— - 2— + 2— = -SvrGp, (8) 

^2,^3 flj^ttg Qi-^Qi^^ ^2 ^3 

a? 111 
H2 + H3 + Hi + Hi + iiaifg - 3^ + ^ + ^ - 2^ + 2^ + 2^ = -SyrGp, (9) 

0203 afal a{a2 af 02 

H1 + H2 + Hi + Hi + H1H2 + -So + 4^ - 3-^ + 2^ + 2^ - 2^ = -SttGp, (10) 

0203 aftts afa2 af 02 cii 
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where p is the matter density, p its pressure, and G denotes Newton's gravitational constant. 
An overdot represents differentiation with respect to the time t. 

From the dynamical field equations (|S|)-(|1(J|) we obtain the energy-momentum conserva- 
tion law which in this case is given by 

p-3f2(p + p) =0 . (11) 

For a barotropic equation of state p = up the last equation can be integrated and yields 

p = poe^(^+-)^ , (12) 

where po is a constant. 



III. THE ENTROPY FROM THE FIRST LAW OF THERMODYNAMICS 

Let us now suppose that the Bianchi type IX model satisfies the first law of thermody- 
namics, TdS = dE + pdV , where T is the temperature of the universe and 5* is the total 
entropy contained inside the volume V . For a comoving volume element of unit coordinate 
volume and physical volume f , from the first law of thermodynamics we obtain 

(13) 

where s is the entropy density per comoving volume. A reasonable way for defining the phys- 
ical volume is as f = 010203 = e~^^, an expression which coincides with the physical volume 
of the Friedman- Robert son- Walker universe due to the special form of the anisotropics in 
the Bianchi type IX model. This assumption is supported also by the fact that the to- 
tal volume of the universe turns out to he V = J \/—hd^x = |e~'^^ / sinxid^x, where h 
is the determinant of the spatial part of the line element (0). Therefore, we can write 
V = Kv = K,e~^^, where k is a constant resulting from the previous integral. From Eq. ()13p 
and the energy-momentum conservation law (fTT|) it follows that the entropy density remains 
invariant {s = 0) during the evolution, i.e., the expansion is adiabatic. Furthermore, the 
first law of thermodynamics can be integrated for s and yields 

s = ^{p + p) + so, (14) 

where Sq is an additive constant. 
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p + {p + p)- 

V. 



Following Verlinde's approach [2] we represent the total energy E = pV as the sum of an 
extensive energy Ee{S, V) and a sub-extensive energy Ec{S, V) 

E = Ee + \ec , (15) 

where Eq is the Casimir energy which is defined as the violation of the Euler identity: 

Ec = ^{E + pV -TS) . (16) 

Under a scale transformation S —>■ XS and V — > XV the components of the energy behave 
as Ee{XS, XV) = XEe{S, V) and Ec{XS, XV) = X^^^Ec{S, V). 

Introducing the expression for the entropy (jl4j) into Eq. (jl6|) we obtain 

Ec = -S^^ip + p)V , (17) 
s - So 

or 

Ec = -3K^^{l + uj)e'-'' , (18) 

S - So 

for a universe satisfying a barotropic equation of state. Therefore, the behavior of the 
Casimir energy during the evolution in time is given by Ec ~ e'^'^^. On the other hand, 
we see from Eq. fll2|) that the total energy of the system is given hj E = np^e^^^ and, 
consequently, the extensive energy behaves similarly, Ee ~ e^^^. 

The total entropy S of the universe should be related to the energy in such a way that 
the adiabaticity condition derived above holds. Therefore, if we associate the entropies Se 
and Sc to the extensive and Casimir energy, respectively, from the energy behavior given 
above we conclude that only the expressions Se ~ Eec'^'^^ and Sc ~ Ece'^"^^ satisfy 
this condition. Furthermore, taking into account the behavior of the energies under a scale 
transformation one can derive their dependence in terms of the entropy. These expressions 
can be written in a convenient form as 

Ee = — e3-^5^+" , Ec = AgS-f^^Vs+c. ^ (^g) 
47r 27r 

where a and (3 are arbitrary constants (In CFT's one has that a/o/? = 3 as a consequence 
of the AdS/CFT correspondence). Then, the total entropy is related to the energy as 



S 



2n 



^-3^^ /2EeE, 



c 



(20) 
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This expression for 5* represents the generahzation of the original Cardy-Verhnde formula to 
the case of an anisotropic Bianchi IX model, and reduces to it only in the case of a radiative 
universe (cj = 1/3) in accordance to the results in j^. 

Equation (j2m) defines the total entropy of a universe described by a Bianchi type IX 
model. It resembles the entropy for a FRW universe. One could wonder where the time- 
dependent scale factors of the Bianchi model are present in this expression. In fact, they 
are not. The reason is that in the analysis based upon the first law of thermodynamics, the 
explicit form of the total volume V and the physical volume v is crucial and, as we have 
shown, they do not depend explicitly on the functions X and Y which determine the three 
different rates of expansion. 

Notice that for a fixed value of E and positive uj the entropy (j2(Jj) has a maximum value 
so that the bound 

" 27r 



S < 



-,Ee 



-3ojQ 



2+3ui 

(21) 

2tt T-i^-n 



holds. This becomes the Bekenstein bound, S < Sb with Sb = -^Ee for a radiation 
dominated universe with u = 1/3 and normalization factor y/ajS = 3. It seems therefore 
appropriate to introduce 

- 3 

(22) 



nflt 
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as the Bekenstein entropy which bounds the total entropy of the Bianchi type IX cosmological 
model. The superscript "//t" means that this expression for the entropy has been obtained 
by using the first law of thermodynamics, and will be helpful when comparing it with a 
different expression which will be derived in the next section. If we insert into Eq. ()22j) the 
expression for the total energy, we find that Sj^^ remains constant during the cosmological 
evolution. Hence, the Bekenstein entropy represents a constant bound for the total entropy 
of the system. 

IV. THE ENTROPY FROM CFT 

The universal validity of the Cardy entropy formula 



for CFT's has been proposed in P| by using a definition of the central charge c in terms 
of the Casimir energy. We intentionally use here the notation Sc for the Cardy entropy in 



order to distinguish it from the entropy 5* derived in the last section by means of the first law 
of thermodynamics. Let us assume here that this entropy formula is valid for the Bianchi 
type IX model. Then, independently of the equation of state governing the evolution of this 
cosmological model, it can easily be seen that the Hamiltonian constraint (jHI) coincides with 
Eg . (|23|) if the eigenvalue Lq of the Virasoro operator and the central charge c are chosen as 

1^ ai 3 V 



Lo = -E^^=, c=— -v/l + eV3, (24) 



Furthermore, the Cardy entropy is related to the Hubble parameters as 

1 



Sc = ^^^HiH2 + H^Hs + H2HS V . (25) 

Notice that the explicit values given in Eqs. ()24|) - ()25|) can formally be obtained by applying 
the transformation 

H ^ -^^Jh,H2 + H,H3 + , (26) 

V3^ + eV3 

on the Hubble parameter H and the scale factor a of the isotropic FRW spacetime. Written 
in this form, this transformation seems to indicate the presence of a preferred direction 
determined by an inhomogeneity in ai. However, similar expressions can be written for 02 
and 03 (with the corresponding changes in the definition of e^) and, therefore any of the 
directions could have been chosen. The specific direction chosen in order to perform the 
transformation is only a matter of conventions. Also, it should be mentioned that once 
we assume that the Cardy formula ()23j) is valid for the Bianchi type IX model, and we 
demand that it represents the field equation then the identification of Lq and c given in 
()24|) is unique (modulo the convention mentioned above). 

In a similar manner, the Hamiltonian constraint © can be rewritten as the Verlinde 
formula 

~ '^SbhSb + S'^Q^ = , (27) 

where the Bekenstein, Sb, the Hubble, Sh, and the Bekenstein-Hawking entropy, Sbh, are 
given by 

= ^£2^ . (28) 



Sh = ^^^Jh,H, + H,H, + H,H, V . (30) 

Then, by analogy with the cases studied in other works (see [11] for a hst of references) in 
which the relationship between the Cardy formula and the field equations has been inves- 
tigated, we propose expressions (j^ - (p?n|) as the definitions of the entropies for the Bianchi 
type IX model. In the isotropic limit (e^ = 0) we recover the corresponding entropies for 
the FRW model. 

Eq.(j2Zj) has exactly the same Pythagorean form as that found for the FRW model j^. 
This allows us to represent the dynamical evolution of the entropies by a circle of radius 
Sb which, in contrast to the FRW case, is not constant but changes as time evolves. As 
a consequence, the dynamical evolution of any of the entropies defined in Eqs. fj^ - ipiH) . 
which is governed by the field equations (P)- ()l()j) . is no longer determined by the remaining 
entropies but depends on the specific characteristics of the fluid. For instance, from Eqs. ()28p 
and and using the field equations (injl- lfTUj) in the form (fTTj) one can show that 

J^iSsSBH) = 3(cu - mSsSBH . (31) 

On the other hand, from Eq. ()27|) we obtain 

Sh = ^[3(^ - mSB - Sbh] . (32) 

The last two equations determine the dynamical behavior of the entropies which will then 
depend on the specific value of cu. The case cu = 1 can easily be solved, however it is not of 
particular interest in this work. 

To get some insight into the structure of these entropies, one can calculate the approx- 
imate contribution for the special case in which one has only two different time- dependent 
metric components. This can be reached by considering X as an infinitesimal quantity 
[X << 1) and assuming Y = 0. Then we have 

S^B = (l + l^') , (33) 

S%H = S'bh (l - ^^') , (34) 

Sh = (l - ^) ' (35) 
where the superscripts a and i denote the corresponding 'anisotropic" and 'isotropic" quan- 
tities, respectively. 



The first thing one can notice is that, due to the anisotropics, the Bekenstein entropy 
given in Eq. ()28|) does not remain constant during the evolution in time [cf. also Eq. ()33|) ]. 
This differs from the result obtained in the last section for the Bekenstein entropy Sj^^ which 
is a constant that only depends on the type of fluid (i.e., it depends on uj). Nevertheless, 
both entropies and (j2Hl) reduce in the limiting case X = 0, Y = 0, 0; = 1/3 to the 
Bekenstein entropy of a radiation dominated FRW universe. 

In terms of the Hubble entropy, Sh, and the Bekenstein-Hawking energy, Ebh, which are 
defined as 

Sh = Sc, Ebh = T^^(l + e'/S) , (36) 
Eq. ()23j) for the Bianchi type IX model can be identified with the cosmological Cardy formula 



Sh = ^ , JEbh{2E-Ebh) • (37) 

3 Jl + eV3 ^ 



In a radiation dominated FRW universe the Cardy- Verlinde formula (j2(Jj) coincides with the 
cosmological Cardy formula ()37|) . with Ebh playing the role of the Casimir energy Ec- This 
is not true in our general case. Whereas the functional dependence in the cosmological Cardy 
formula (jHTjl is dictated by the square root of the energies, independently of the equation 
of state, this functional dependence in the Cardy- Verlinde formula (j20|) is different for each 
equation of state and becomes a square root only for u = 1/3. Let us therefore consider 
only the case of a radiation dominated Bianchi IX universe, for which the Cardy- Verlinde 
formula (^0)) reads (we take ^/aJ3 = 3 and use the relationship Ee = {2E — Ec)/2) 

2n 



S=—e-''^Ec{2E-Ec) , (38) 
and for this case let us investigate the cosmological bound on the Casimir energy 

Ec < Ebh (39) 



postulated by Verlinde [2]. From Eq. ()18|) we see that Ec ~ while the Bekenstein-Hawking 
entropy behaves like Ebh ~ ^-^-'^x-'^y _|_ e^/3), according to Eq. ljHBj) . Thus, the Verlinde 
energy bound (jH^ can be satisfied, but a difference appears in the saturation. Consider, 
for instance, the approximate case (F = 0, X << 1). Using the approximate expression 
dBl we get E%H = (3/47rG)e-^(l - 8X2) ^ E}^jj{l - 8X^) < E'^^- On the other hand, 
according to Eq.((THl) E^ = E^. Since the bound E^ < E'^^^ holds and becomes saturated for 
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a specific size of an expanding universe, tlien tlie bound < will be the generalization 
of the isotropic case. However, because E%fj = — 8X^), the previous relation, for the 

anisotropic case means that the bound would become saturated for a larger size, compared 
with the isotropic case, of the expanding universe. At the saturation point E^ = E'^^, 
however, the Cardy-Verlinde formula (|38|) does not coincide with the cosmological Cardy 
formula (jHTj) . because of the presence of the various scale factors entering the last formula. 
In fact, for the approximate case we obtain that Sh = ^(l + 5/2X^) and the coincidence 
breaks down. 



V. CONCLUSIONS 



In this work we have pursued the definition of the entropies associated with gravity 
time-dependent models. These entropies have been found for the Bianchi type IX model. 
Since this model is considered the anisotropic generalization of the closed FRW model, it 
should give us the modified entropies due to the presence of several time- dependent metric 
components. First, we assumed that the universes described by this model satisfy the 
first law of thermodynamics. The resulting entropy is given in Eq. ()20j) and represents a 
generalization of the Cardy-Verlinde formula for these models. Remarkably, this entropy 
remains constant during the evolution of time as a consequence of the energy conservation 
law and the assumed first law of thermodynamics. 

Secondly, we assume the universal validity of the Cardy entropy formula and show that it 
coincides with the Hamiltonian constraint of the field equations. This allows us to consider 
the cosmological Cardy formula ()37|) and define the Bekenstein, Bekenstein-Hawking and 
Hubble entropies. The first obvious consequence is that these entropies do depend on the 
different metric components. 

The straightforward generalization of the Verlinde energy bound for the anisotropic ra- 
diative case {Eq < E%fj) indicates that the saturation takes place for a universe larger than 
the one in the corresponding isotropic case. We also have shown that the Cardy-Verlinde 
formula (jHHjl and the cosmological Cardy formula do not coincide when the bound is 

saturated (-Eg- = E%h)- , , 

An elegant AdS/CFT prescription has been proposed J^] (see also Q| for a review) in 
which starting with a Schwarzschild AdSs metric and specifying the location of a brane in 
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parametric form one can induce a 4-dimensional FRW radiation universe metric on the brane. 
In |l7| and this approach has been generahzed to include the cases of asymptotically flat 
and asymptotically AdS charged black holes. This has shed new light on Verlinde's proposal 
and on the coincidence between the CFT entropy formulae and the FRW equations at the 
horizon. The case of models with various scale factors has been less explored. Nevertheless, 
a geometric braneworld description of the Bianchi VI_i model was obtained in from 
other solutions found to the vacuum Einstein equations with negative cosmological constant 
in 5-dimensions. However, generalized entropies have not been investigated and it is not 
clear if they could be defined for this case. On the other hand, as mentioned above, the 
Bianchi IX model contains the closed FRW model in the isotropic limit and one can study 
the influence of several metric components on the entropies. Nonetheless, the search for a 
higher dimensional static metric by means of which one could get the Bianchi IX model on 
the brane is a matter of future work. 

On the other hand, in this work we have analyzed only the Bianchi type IX model. It 
seems reasonable to expect that the results obtained here can be generalized to include 
other Bianchi type A models 0]. Moreover, the results presented here can, in principle, be 
generalized to any number of dimensions with several time-dependent metric components. 
However, the entropy expresions (^01) and ()22|) reduce to the original Cardy-Verlinde formula 
only for a radiative universe. A next step would be to try to extend the kind of results 
obtained here for various gravity time-dependent components to their study in relation with 



more general matter fields 
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interesting systems like SD-branes 
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12 , llJ] . This would allow the study of other physical 



, the kind of objects that are constructed by means 



of time-dependent metric components and that arise naturally in string theory. 
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